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G. Abbiendi2, C. Ainsley5, P.F. Åkesson7, G. Alexander21, G. Anagnostou1, K.J. Anderson8, S. Asai22,33,
D. Axen26, I. Bailey25, E. Barberio7,49, T. Barillari31, R.J. Barlow15, R.J. Batley5, P. Bechtle24, T. Behnke24,
K.W. Bell19, P.J. Bell1, G. Bella21, A. Bellerive6, G. Benelli4, S. Bethke31, O. Biebel30, O. Boeriu9, P. Bock10,
M. Boutemeur30, S. Braibant2, R.M. Brown19, H.J. Burckhart7, S. Campana4, P. Capiluppi2, R.K. Carnegie6,
A.A. Carter12, J.R. Carter5, C.Y. Chang16, D.G. Charlton1, C. Ciocca2, A. Csilling28, M. Cuffiani2, S. Dado20,
G.M. Dallavalle2, A. De Roeck7, E.A. De Wolf7,52, K. Desch24, B. Dienes29, J. Dubbert30, E. Duchovni23,
G. Duckeck30, I.P. Duerdoth15, E. Etzion21, F. Fabbri2, P. Ferrari7, F. Fiedler30, I. Fleck9, M. Ford15, A. Frey7,
P. Gagnon11, J.W. Gary4, C. Geich-Gimbel3, G. Giacomelli2, P. Giacomelli2, M. Giunta4, J. Goldberg20, E. Gross23,
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Abstract. A study of Bose–Einstein correlations in pairs of identically charged pions produced in e+e− an-
nihilations at the Z0 peak has been performed for the first time assuming a non-static emitting source. The
results are based on the high statistics data obtained with the OPAL detector at LEP. The correlation func-
tions have been analyzed in intervals of the average pair transverse momentum and of the pair rapidity,
in order to study possible correlations between the pion production points and their momenta (position–
momentum correlations). The Yano–Koonin and the Bertsch–Pratt parameterizations have been fitted to
the measured correlation functions to estimate the geometrical parameters of the source as well as the vel-
ocity of the source elements with respect to the overall centre-of-mass frame. The source rapidity is found to
scale approximately with the pair rapidity, and both the longitudinal and transverse source dimensions are
found to decrease for increasing average pair transverse momenta.

a e-mail: David.Plane@cern.ch
b supported by Interuniversity Attraction Poles Programme –
Belgian Science Policy

1 Introduction

The space-time evolution of a source emitting particles can
be probed using intensity interferometry. Bose–Einstein
correlations (BECs) in pairs of identical bosons have been
studied at different centre-of-mass energies and for differ-
ent initial states (e+e− [1–17], pp and pp̄ [18–20], meson–
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proton [21], lepton–hadron [22–24], nucleus–nucleus colli-
sions [20, 25–34]). BECs manifest themselves as enhance-
ments in the production of identical bosons which are close
to one another in phase space. They can be analysed in
terms of the correlation function

C(p1, p2) =
ρ(p1, p2)

ρ0(p1, p2)
, (1)

where p1 and p2 are the 4-momenta of the two bosons,
ρ(p1, p2) is the density of the two identical bosons and
ρ0(p1, p2) is the two-particle density in the absence of
BECs (reference sample). From the experimental correla-
tion function one can extract the dimension of the source
element (frequently called correlation length or radius of
the emitting source), i.e. the length of the region of homo-
geneity from which pions are emitted that have momenta
similar enough to interfere and contribute to the correla-
tion function.
At LEP Bose–Einstein correlations were analysed ex-

tensively in Z0 hadronic events [3–17]. Two-pion cor-
relations were studied as a function of the relative 4-
momentum q = (p1−p2) of the pair: C(p1, p2) = C(q). It
was found that the radius of the emitting region, supposed
spherical, is of the order of 1 fm and increases with the
number of jets in the event [3, 4]. No significant differences
were observed in the source dimensions between the π±π±

and the π0π0 systems [5, 6]; on the other hand, there is
some indication that radii measured in K±K± and K0K0

(K0K0) pairs are smaller than in pion pairs [7–9], even
if large systematic errors make this conclusion uncertain.
Genuine three-pion BECs were also observed [10–12]. Up
to fifth-order genuine correlations of identically charged pi-
ons were obtained by OPAL [13], where BECs were shown
to be an essential ingredient of the correlation scaling ob-
served there, also for all-charged higher-order correlations.
The hypothesis that the source is spherical was tested
studying the correlations in terms of components of q: two-
and three-dimensional analyses have shown that the pion
emission region is elongated rather than spherical, with
the longitudinal dimension, along the event thrust axis,
larger than the transverse one [14–17]. BECs were also
studied in e+e−→W+W− events: no evidence of corre-
lations between pions originating from differentW bosons
was found [35–38].
All the results listed above were obtained under the

hypothesis that the momentum distribution of the emit-
ted particles is homogeneous throughout the source elem-
ents, as would happen if the source is static. In the case
of a dynamic, i.e. expanding, source, the dimension of
the regions of homogeneity varies with the momentum of
the emitted particles. The expansion leads to correlations
between the space-time emission points and the particle
4-momenta (position-momentum correlations) which gen-
erate a dependence of the BEC radii on the pair momenta.
In this case, the correlation function is expected to depend
on the average 4-momentum of the pair K = (p1+p2)/2
in addition to the relative 4-momentum q: C(p1, p2) =
C(q,K) [39], so that the measured radii correspond to re-
gions of homogeneity in K, i.e. effective source elements of
pairs with momentumK.

Published investigations of the source dynamics in
e+e− collisions are available at energies lower than
LEP’s [1, 2]. A dependence of the source radii on different
components of the 4-vector K has been observed in more
complex systems such as the emission region created after
a high-energy collision between heavy nuclei. In particu-
lar, source radii have been found to decrease for increasing
pair transverse momenta kt (or, equivalently, transverse
massesmt =

√
k2t +m

2
π) [25–29]. Hydrodynamical models

for heavy ion collisions [40] explain this correlation in terms
of an expansion of the source, due to collective flows gen-
erated by pressure gradients. A similar dependence of the
size parameters on mt was measured in pp collisions [20].
Preliminary results from LEP experiments [41–43] report
a decrease of the source dimension with increasing mt.
Longitudinal position-momentum correlations can be ex-
pected in e+e− annihilations as a consequence of string
fragmentation [44–47]. Models based on different assump-
tions (the Heisenberg uncertainty principle [48, 49], the
generalized Bjorken–Gottfried hypothesis [50–52]) predict
radii decreasing with the transverse mass also for sources
created in e+e− collisions.
In this paper, which continues a series of OPAL stud-

ies on BECs [3, 4, 14], a measurement of three-dimensional
Bose–Einstein correlation functions is presented and the
correlation functions are analyzed in order to measure their
dependence onK and investigate potential dynamical fea-
tures of the pion-emitting source created after an e+e−

annihilation at a centre-of-mass energy of about 91 GeV.

2 Experimental procedure

A detailed description of the OPAL detector can be found
in [53–55]. In the present analysis, we have used the
same data sample, about 4.3 million multihadronic events
from Z0 decays, and have applied the following selec-
tion cuts on tracks and events, identical to the ones de-
scribed in [14]. First, the event thrust axis was computed,
using tracks with a minimum of 20 hits in the jet cham-
ber, a minimum transverse momentum of 150MeV and
a maximum momentum of 65 GeV. Clusters in the elec-
tromagnetic calorimeter are used if their energies exceed
100MeV in the barrel or 200MeV in the endcaps. Only
events well contained in the detector were accepted, requir-
ing | cos θthrust|< 0.9, where θthrust is the polar angle of the
thrust axis with respect to the beam axis.1 Then, a set of
cuts, specific to BEC analyses, were applied. Tracks were
required to have a maximum momentum of 40 GeV and
to originate from the interaction vertex. Electron-positron
pairs from photon conversions were rejected. Events were
selected if they contained a minimum number of five tracks
and if they were reasonably balanced in charge, i.e. requir-
ing |n+ch−n

−
ch|/(n

+
ch+n

−
ch) ≤ 0.4, where n

+
ch and n

−
ch are

1 The coordinate system is defined so that z is the coordinate
parallel to the e+ and e− beams, with positive direction along
the e− beam; r is the coordinate normal to the beam axis, φ is
the azimuthal angle and θ is the polar angle with respect to +z.
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the number of positive and negative charge tracks, respec-
tively. About 3.7 million events were left after all quality
cuts. All charged particle tracks that passed the selections
were used, the pion purity being approximately 90%. No
corrections were applied for final state Coulomb interac-
tions. All data and Monte Carlo distributions presented
here are given at the detector level, i.e. not corrected for
effects of detector acceptance and resolution.
The correlations were measured as functions of two dif-

ferent sets of variables, components of the pair 4-momen-
tum difference q in two different frames.
The first set, (Ql, Qtside , Qtout), was evaluated in the

longitudinally comoving system (LCMS) [56]. For each
pion pair, the LCMS is the frame, moving along the thrust
axis, in which the sum of the two particle momenta, p=
(p1+p2), lies in the plane perpendicular to the event
thrust axis. The momentum difference of the pair, Q =
(p1−p2) is resolved into the moduli of the transverse com-
ponent, Qt, and of the longitudinal component,Ql, where
the longitudinal (�̂) direction coincides with the thrust
axis. Qt may in turn be resolved into “out”, Qtout , and
“side”, Qtside , components

Qt =Qtout ô+Qtside ŝ , (2)

where ô and ŝ are unit vectors in the plane perpendicular
to the thrust direction, such that p= pô defines the “out”
direction and ŝ= �̂× ô defines the “side” direction. It can
be shown [57] that, in the LCMS, the components Qtside
and Ql reflect only the difference in emission space of the
two pions, while Qtout depends on the difference in emis-
sion time as well.
The second set, (qt, ql, q0), was evaluated in the event

centre-of-mass (CMS) frame. For each event, two hemi-
spheres are defined by the plane perpendicular to the
thrust axis. Each pair is then associated to the hemi-
sphere containing the vector sum of the three-momenta.
The pair 4-momentum difference q is resolved into the en-
ergy difference q0 = (E1−E2) and the 3-momentum dif-
ference q= (p1−p2). The vector q is further decomposed
into qt and ql, the transverse and longitudinal components,
respectively, with respect to the thrust axis. In each pair,
index 1 corresponds to the particle with the highest energy,
so that q0 ≥ 0. The longitudinal component, ql, may be ei-
ther positive, in case the vector difference q lies in the pair
hemisphere, or negative, in the opposite case. The trans-
verse component, qt, is positive definite.
The experimental three-dimensional correlation func-

tions C are defined, in a small phase space volume around
each triplet ofQl, Qtside and Qtout (or qt, ql and q0) values,
as the number of like-charge pairs in that volume divided
by the number of unlike-charge pairs:

C =
Nπ+π++Nπ−π−

Nπ+π−
=
Nlike

Nunlike
. (3)

In order to have adequate statistics in each bin, a bin size of
40MeV was chosen in each component of q, which is larger
than the estimated detector resolution of 25MeV [3, 4].
Long-range correlations are present in the correlation

function C, due to phase space limitations and charge con-

servation constraints. In addition, the choice of unlike-sign
pairs as the reference sample adds further distortions to the
correlation function, due to pions from resonance decays.
To reduce these effects, we introduced the (double) ratioC′

of the correlation functions C in the data and in a sample
of 7.2 million Jetset 7.4 [58–60]multihadronic Monte Carlo
(MC) events, without BECs:

C′ =
CDATA

CMC
=
NDATAlike /NDATAunlike

NMClike /N
MC
unlike

. (4)

The Monte Carlo samples are processed through a full
simulation of the OPAL detector [61]. The simulation pa-
rameters of the generator were tuned in [62].
The dependence of the correlation functions

C′(qt, ql, q0) and C
′(Ql, Qtside, Qtout) on the pair average

4-momentum K has been analyzed by selecting pions
in different intervals of two components of K: the pair
rapidity

|Y |=
1

2
ln

[
(E1+E2)+ (pl,1+pl,2)

(E1+E2)− (pl,1+pl,2)

]
(5)

and the pair average transverse momentum with respect to
the event thrust direction

kt =
1

2
|(pt,1+pt,2)| . (6)

Fig. 1. a Histogram of the differential distribution in the pair
rapidity |Y | and b in the pair mean transverse momentum kt of
the data (dots) and Jetset events (line). The number of pairs in
the Monte Carlo sample has been normalized to the number of
pairs in the data sample
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Fig. 2. Two-dimensional projections of the correlation function C(Ql, Qtside , Qtout) for 0.8 ≤ |Y | < 1.6 and 0.3 GeV ≤ kt <
0.4 GeV for the data (a,b) and for Jetset MC events (c,d). Qtout < 0.2 GeV in a and c; Ql < 0.2 GeV in b and d

The differential |Y | and kt distributions,
dn
d|Y | and

dn
dkt
, of

the data are shown in Fig. 1. The same distributions for
Jetset events are also presented in Fig. 1: the comparison
shows a good agreement between data and Monte Carlo
events.
The dependence of C and C′ on K has been studied

in three bins of |Y | (0.0≤ |Y |< 0.8, 0.8≤ |Y |< 1.6, 1.6≤
|Y | < 2.4) and five bins of kt (0.1 GeV ≤ kt < 0.2 GeV,
0.2 GeV≤ kt < 0.3 GeV, 0.3 GeV≤ kt < 0.4 GeV, 0.4 GeV≤
kt < 0.5 GeV, 0.5 GeV ≤ kt < 0.6GeV). In this domain,
a total of 47.3 million like-charge and 54.7 million unlike-
charge pairs have been analysed.

3 The experimental correlation functions

Samples of two-dimensional projections of the correla-
tion function C(Ql, Qtside, Qtout) for a single bin of |Y |
and kt are shown in Fig. 2 for the data and the MC
Jetset events. For the example shown,2 the bin corres-

2 Files of the three-dimensional correlation functions will be
made available in the Durham HEP database.

ponding to pair rapidities and transverse momenta in
the intervals 0.8 ≤ |Y | < 1.6 and 0.3GeV ≤ kt < 0.4 GeV
was chosen. Small (< 0.2 GeV) values of Qtout and of
Ql have been required in the (Ql, Qtside) and in the
(Qtside, Qtout) projections, respectively. Bose–Einstein cor-
relation peaks are visible in the data at lowQl, Qtside, Qtout
but they are not present in the Monte Carlo samples.
The same two-dimensional projections for the correla-
tion function C′(Ql, Qtside, Qtout) are presented in Fig. 3a
and b. Also shown, in Fig. 3c–e, are the one-dimensional
projections for low (< 0.2 GeV) values of the other two
variables.
The two-dimensional (ql, q0) and the one-dimensional

qt projections of the correlation function C(qt, ql, q0) in
the bin 0.8 ≤ |Y | < 1.6 and 0.3GeV ≤ kt < 0.4GeV are
shown in Fig. 4, for data and Jetset events. Narrow cuts
(< 0.2 GeV) on the other variables have been applied
to make the projections. The combination [(q2t + q

2
l )−

q20] of the three variables is an invariant greater than
zero. This condition and the bound on the pair rapid-
ity constrain the correlation function to be different from
zero only in a limited region of the (ql, q0) plane, as
can be seen in Fig. 4a and c. The (ql, q0) and (ql, qt)
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Fig. 3. Two-dimensional (a,b) and one-dimensional (c–e) projections of the correlation function C′(Ql, Qtside , Qtout) for
0.8 ≤ |Y |< 1.6 and 0.3 GeV ≤ kt < 0.4 GeV. Qtout < 0.2 GeV in a, Ql < 0.2 GeV in b. In c–e the one-dimensional projections are
obtained for low values (< 0.2 GeV) of the remaining two variables

projections of the correlation function C′(qt, ql, q0) are
shown in Fig. 5 together with the one-dimensional pro-
jections, for small (< 0.2 GeV) values of the other vari-
ables. BEC enhancements are clearly seen in both the qt
and ql projections, Fig. 5c and e. Figure 5d, on the other
hand, shows that the range available to the variable q0 is
quite restricted, and that no Bose–Einstein peak can be
observed.

4 Parameterizations
of the correlation functions

To extract the spatial and temporal extensions of the pion
source from the experimental correlation functions, the
Bertsch–Pratt (BP) [63, 64]

C′(Ql, Qtside , Qtout)

=N
(
1+λ exp

[
−
(
Q2lR

2
long+Q

2
tside
R2tside+Q

2
tout
R2tout

+2QlQtoutR
2
long,tout

)])

×F (Ql, Qtside , Qtout) (7)

and the Yano–Koonin (YK) [65–67]

C′(qt, ql, q0) =N
(
1+λ exp

[
−
(
q2tR

2
t +γ

2(ql− vq0)
2R2l

+γ2(q0− vql)
2R20
)])

×F (qt, ql, q0) (8)

parameterizations were fitted to the measured correlation
functions in all intervals of kt and |Y |.
In both parameterizations, N is a normalization fac-

tor while λ measures the degree of incoherence of the pion
sources, and is related to the fraction of pairs that actu-
ally interfere. The two parametersN and λ, whose product
determines the size of the BEC peak, are however sig-
nificantly (anti)correlated: this limits the interpretation
of λ and the comparison of its values between the two
parameterizations.
The two functions F (Ql, Qtside , Qtout) = (1+ εlongQl+

εtsideQtside+ εtoutQtout) and F (qt, ql, q0) = (1+δtqt+δlql+
δ0q0), where εi and δi are free parameters, were intro-
duced in (7) and (8) to take into account residual long-
range two-particle correlations, due to energy and charge
conservation.
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Fig. 4. Two-dimensional (ql, q0) and one-
dimensional qt projections of the correlation
function C(qt, ql, q0) for data (a,b) and Jet-
set events (c,d). The correlation function
was measured in the bin 0.8 ≤ |Y | < 1.6 and
0.3 GeV ≤ kt < 0.4 GeV. It was required qt <
0.2 GeV in a and c. In b and d the one-
dimensional projections are obtained for low
values (< 0.2 GeV) of the remaining two vari-
ables

The interpretation of the other free parameters in (7), is
the following:

• Rtside and Rlong are the transverse and longitudinal
source radii in the LCMS, i.e. the longitudinal rest frame
of the pair;
• Rtout and the cross-term Rlong,tout are a combination of
both the spatial and temporal extentions of the source.
The parameter R2long,tout may be either positive or nega-
tive; potential terms including R2long,tside and R

2
tout,tside

cross-term parameters are not included in (7) since they
vanish in the case of an azimuthally symmetric source.
Under certain assumptions [39], the difference (R2tout −
R2tside) is proportional to the duration of the particle
emission process, and Rlong,tout to the source velocity
with respect to the pair rest frame [57].

In the YK function (8), where γ = 1/
√
1− v2, the free pa-

rameters are interpreted as follows:

• v is the longitudinal velocity, in units of c, of the source
element in the CMS frame;
• R0 measures the time interval, times c, during which
particles are emitted, in the rest frame of the emitter
(source element). Difficulties in achieving reliable results
for the time parameter R20 in YK fits have been reported

in the literature [68, 69], due to the limited phase-space
available in γ2(q0− vql)2;
• Rt and Rl are the transverse and longitudinal radii, i.e.
the regions of homogeneity of the source, in the rest
frame of the emitter.

The parameters R0, Rt and Rl do not depend on the
frame in which the correlation function has been measured,
since they are evaluated in the rest frame of the source
element.
The two parameterizations are not independent [39], so

that a comparison between the BP and the YK fits repre-
sents an important test.

5 Results

Minimum χ2 fits of the Bertsch–Pratt and the Yano–
Koonin parameterizations to the experimental correlation
functions were performed using the MINUIT [70] program.
The error associated to each entry of the three-dimensional
matrices C and C′ was computed attributing a Poissonian
uncertainty to the number of like and unlike charge pairs
in the corresponding bin. The fit range allowed to each
variable was set between 40MeV and 1GeV. The region
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Fig. 5. Two-dimensional projections of the correlation function C′(qt, ql, q0): (ql, q0) for qt < 0.2 GeV in a and (ql, qt) for
q0 < 0.2 GeV in b. One-dimensional projections (c–e) of C

′(qt, ql, q0), obtained for low values (< 0.2 GeV) of the remaining two
variables. The correlation function has been measured in the bin 0.8≤ |Y |< 1.6 and 0.3 GeV ≤ kt < 0.4 GeV

below 40MeV was excluded to avoid problems of detector
resolution and poorly reconstructed or split tracks which
mimic two like charged particle tracks with very low q.
In Sects. 5.1 and 5.2 the results of the fits are presented.
Sources of systematic uncertainties on the fit parameters
are discussed in Sect. 5.3. Section 5.4 is devoted to a com-
parison between the BP and the YK parameterizations.

5.1 Bertsch–Pratt fits

The best-fit parameters of the BP function, (7), are listed
in Table 1, and their dependence on |Y | and kt is shown
in Fig. 6. Errors in Fig. 6 include both statistical standard
deviations as given by the fit program3 and systematic un-
certainties (discussed in Sect. 5.3), added in quadrature.
One notes that there is only a minor dependence on the ra-
pidity, but some parameters depend on kt. In more detail:

3 The HESSE algorithm in MINUIT calculates the error ma-
trix inverting the matrix of the second derivatives of the fit
function with respect to the fit parameters.

• λ varies between 0.25 and 0.4. The coefficient of corre-
lation between the parameters λ and N is about −0.35,
almost independent of kt;
• R2tside , R

2
tout
and, less markedly, R2long decrease with in-

creasing kt. The presence of correlations between the
particle production points and their momenta is an in-
dication that the pion source is not static, but rather
expands during the particle emission process. R2long
is larger than the corresponding transverse parameter
R2tside , in agreement with a pion source which is elon-

gated in the direction of the event thrust axis [14–17];
• the cross-term parameter R2long,tout is compatible with
zero, apart from a few bins at the highest rapidity in-
terval. This result may be explained [39] assuming that
the source velocity, measured with respect to the rest
frame of the pion pair, is close to zero. A check was made
performing Bertsch–Pratt fits with the cross-term pa-
rameter R2long,tout fixed to zero: negligible variations in
the remaining parameters were observed;
• the difference between the “out” and “side” transverse
parameters, (R2tout −R

2
tside
) for |Y | < 1.6 is positive at

low kt, then it decreases and becomes negative for kt ≥
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Fig. 6. Best-fit parameters of the Bertsch–Pratt parameterization, (7), to the correlation function C′(Ql, Qtside , Qtout), as a func-
tion of kt, for different intervals of rapidity |Y |. The correlation functions were measured in the LCMS frame. Horizontal bars
represent bin widths and vertical bars include both statistical and systematic errors. a the normalization factor N ; b the inco-
herence parameter λ; c the cross term R2long,tout ; d the parameter R

2
tout ; e the squared longitudinal correlation length R

2
long and

f the squared transverse correlation length R2tside

0.3 GeV. In the highest rapidity interval, 1.6≤ |Y |< 2.4,
(R2tout −R

2
tside
) is compatible with zero, for all kt. As

a consequence, it is not possible to estimate the particle
emission time from (R2tout −R

2
tside
);

• the parameters εi are not negligible: the function
F (Ql, Qtside , Qtout) typically differs from unity for at
most 15%–20% atQi ≈ 1 GeV.

5.2 Yano–Koonin fits

Table 2 and Fig. 7 show the parameters of the YK fits, (8),
in different |Y | and kt intervals. Error bars in Fig. 7 in-
clude both statistical and systematic uncertainties, added
in quadrature. It can be seen that:

• the parameter λ is almost independent of rapidity and
increases with kt, reaching values of about 0.5 for the
largest kt values. It is however significantly anticorre-
lated with the parameter N , the correlation coefficient
increasing in absolute value from about −0.50 at low kt
up to −0.80 for kt > 0.4GeV;
• bothR2t andR

2
l decrease with increasing kt and |Y |. The

longitudinal radii are larger than the transverse radii.

This agrees with an expanding, longitudinally elongated
source;
• R20 is compatible with zero at high rapidities, and as-
sumes negative values for |Y | < 1.6. This excludes an
interpretation of R0/c in terms of the time duration of
the particle emission process. As it will be shown below,
restrictions in the available phase space make uncertain
the interpretation of the fit results for the parameter
R20;

4

• those of the parameters δi which are not negligible, con-
tribute typically 10%–15% to the function F (qt, ql, q0)
at large qi;
• the source velocity v does not depend on kt, but it is
strongly correlated with the pair rapidity.

The dependence of v on |Y | can also be presented [25–31]
in terms of a plot à la GIBS, i.e. the Yano–Koonin rapidity

YYK =
1

2
ln

(
1+ v

1− v

)
(9)

4 It is discussed in [68, 69] that R20 may be negative if terms
additional with respect to the temporal term are not negligible.
This may be the case of opaque surces [71]
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Fig. 7. Best-fit parameters of the Yano–Koonin parameterization, (8), to the correlation function C′(qt, ql, q0), as a function of
kt, for different intervals of rapidity |Y |. The correlation functions were measured in the event centre-of-mass frame. Horizontal
bars represent bin widths and vertical bars include both statistical and systematic errors. a the normalization factor N ; b the
parameter λ; c the source velocity v; d the time parameter R20; e the squared longitudinal correlation length R

2
l and f the squared

transverse correlation length R2t

as a function of the pair rapidity |Y |. YYK measures the
rapidity of the source element with respect to the centre-
of-mass frame: a non-expanding source would therefore
correspond to YYK ≈ 0 for any |Y |. On the other hand,
for a boost-invariant source,5 the strict correlation YYK =
|Y | is expected [39, 65–67], since only the source elements
which move with velocities close to the velocity of the ob-
served particle pair contribute to the correlation function.
In Fig. 8 the Yano–Koonin rapidity YYK is shown as a func-
tion of the pair rapidity. Since in a given |Y | interval the
parameter v is almost independent of kt, see Fig. 7c, each
YYK is computed, according to (9), using the average value
of v over all kt in that |Y | bin. Each |Y | has been com-
puted as the weighted average of the corresponding bin,
rather than the centre of the bin. A clear positive correla-
tion between YYK and |Y | is observed, even if YYK < |Y |

5 A source expands boost-invariantly in the longitudinal di-
rection if the velocity of each element is given by v = z/t, where
t and z are, respectively, the time elapsed since the collision
and the longitudinal coordinate of the element, in the centre-of-
mass frame. In that case, particle emission happens at constant
proper times

√
t2− z2.

at the largest pair rapidities. This is in agreement with
a pion source which is emitting particles in a nearly boost-
invariant way.
To try to understand the YK fit results of the parameter

R20, it is useful to analyse the two-dimensional projection
(ql, q0) of the correlation function C

′(qt, ql, q0) after the
longitudinal boost to the rest frame of the source element.
We then introduce qboostl = γ(ql− vq0) and qboost0 = γ(q0−
vql), where the best-fit parameter v is used to boost the
variables. In Fig. 9a the two-dimensional (|qboostl |, |qboost0 |)
projection of C′ is presented. The phase space available
to |qboost0 | is limited, when qt approaches 0, and the one-
dimensional |qboost0 | projection (Fig. 9b) is approximately
flat: it is not possible to distinguish any peak due to Bose–
Einstein correlations and, for most rapidity and kt inter-
vals, the fitted R20 have negative values. In Fig. 9b, the
solid line shows the one-dimensional |qboost0 | projection
(|qboostl |< 0.2 GeV, qt < 0.2 GeV) of the YK fit, (8); the line
is an increasing function of qboost0 , because of the negative
value of R20. Similar limitations in the temporal accept-
ance have been reported in the literature [68, 69]. On the
other hand, the |qboostl | projection for |qboost0 | < 0.2 GeV
and qt < 0.2 GeV, Fig. 9c, shows a clear BEC peak at small
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Fig. 8. The Yano–Koonin rapidity YYK plotted versus the pion
pair rapidity |Y |. Each |Y | was computed as the weighted aver-
age of the corresponding bin. YYK values were computed by
means of (9), using the average value of v over all kt in that |Y |
bin.Horizontal bars are r.m.s. deviations from the average. Ver-
tical bars include both statistical and systematic errors. Also
shown is the line YYK = |Y |, corresponding to a source which
expands boost-invariantly

|qboostl |, reproduced by the one dimensional |qboostl | projec-
tion of the best-fit YK function (solid line).

5.3 Systematic effects

The systematic uncertainties of the fit parameters and the
stability of the results concerning the dependence of the
transverse and longitudinal radii on kt was studied by con-
sidering a number of changes with respect to the reference
analysis. The following changes were taken into account:

• A correction was applied to the correlation functions,
based on the Gamow factors [72], in order to take into ac-
count final-state Coulomb interactions between charged
pions.
• The analysis was repeated with more stringent cuts in
the selection: a maximum momentum of 30 GeV instead
of 40GeV and a charge unbalance smaller than 0.25 per
event instead of 0.4.
• The fits were repeated changing the upper bound of the
fit range 1–0.8 GeV.

In the cases listed above, we found negligible differences in
the parameters with respect to the reference analysis. The
systematic effect on the correlation function C′, due to the
Monte Carlo modelling, was assumed negligible.

• The correlation functions were measured in bins of
60MeV, instead of 40MeV, to test the stability of the
fits. Bin widths larger than 60MeV would prevent a cor-
rect reconstruction of the BEC peak, which is about
300–400MeV wide.

• Possible non-Gaussian shapes of the correlation func-
tions at low q were tested replacing the Gaussian func-
tions in the BP and YK parameterizations with first
order Edgeworth expansions [73] of the Gaussian. The
χ2/DoF of the two fits were found to be comparable.

Systematic errors on the fit parameters have been com-
puted adding in quadrature the deviations from the stan-
dard fit; they are reported in Tables 1 and 2.
Assuming simple linear dependences of the squared BP

and YK longitudinal and transverse radii on kt, we meas-
ured the slopes, dR2i /dkt, by minimum χ

2 fits. Fits were
performed on the radii of the reference analysis, with sta-
tistical errors only. The systematic errors on the slopes
were then estimated comparing the slopes from the refer-
ence analysis with the slopes from the systematic checks
listed above. Table 3 shows the best-fit slopes with errors.
In all cases a decrease of the radii with increasing kt is
favoured even if, in one rapidity interval, the longitudinal
BP radius is compatible with independence on kt.
To investigate further the decrease of the radii on kt,

the YK and BP functions were fitted to the correlation
function C, (3). Larger (about 30%) squared transverse
and longitudinal radii with respect to the correlation func-
tion C′ are obtained in this case. However, the slopes of
the linear dependences of the squared radii on kt are the
same, within uncertainties, for C and C′. A comparison of
the YK best-fit parameters from minimizing χ2 values and
from maximizing a likelihood function [32] has been done
for the correlation function C. The differences between the
parameters fitted with the two techniques were negligible.
One more check was done on the YK transverse ra-

dius Rt: we computed the one-dimensional projection
C′(qt, 0, 0) of the three-dimensional correlation function
C′(qt, ql, q0), by requiring ql and q0 ≤ 0.08GeV, and we
fitted the function

C′(qt) =N(1+λe
−q2tR

2
t ) (10)

to the projection. We first checked that the best-fit R2t is
compatible, within errors, to the one we obtain if the right-
hand side of (10) is multiplied by a “long-range” factor
(1+ δtqt). Based on the same one-dimensional projection
C′(qt, 0, 0), we also measured the transverse correlation
length in a fit-independent way [74], introducing the pa-
rameter Rt

R̃t =
1

√
2
〈
q2t
〉 , where

〈
q2t
〉
=

∫
q2t [C

′(qt, 0, 0)−1]dqt∫
[C′(qt, 0, 0)−1]dqt

,

(11)

i.e. the inverse variance of the correlation function for small
qt values.

6 We found that Rt, computed using (11), agrees

6 In the actual estimate of 〈q2t 〉 we have computed∑
q2t [C

′(qt, 0, 0)−N ]
/∑
[C′(qt, 0, 0)−N ], where N is the nor-
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Fig. 9. a The two-dimensional projection (|qboostl |, |qboost0 |), after the longitudinal boost to the source element rest frame, meas-
ured for pion pairs in the rapidity interval 0.8≤ |Y |< 1.6 and with mean transverse momenta in the range 0.3 GeV≤ kt < 0.4 GeV.
The projection was made requiring qt < 0.2 GeV. b The one-dimensional projection in |q

boost
0 | (|qboostl | < 0.2 GeV). The curve

is the one-dimensional projection of the Yano–Koonin three-dimensional best-fit function. c The one-dimensional projection in
|qboostl | (|qboost0 |< 0.2 GeV). The curve is the one-dimensional projection of the Yano–Koonin three-dimensional best-fit function

Table 3. Slopes of the linear fits to the dependence of the longitudinal and transverse squared radii of the BP and YK parame-
terizations on kt. Input to the fits are the measured values of R

2
long, R

2
tside , R

2
l and R

2
t , reported in Tables 1 and 2. The first errors

are statistical and the second systematic

BP radii YK radii

dR2long/dkt dR2tside/dkt dR2l /dkt dR2t /dkt

(fm2/GeV) (fm2/GeV) (fm2/GeV) (fm2/GeV)

|Y |< 0.8 −0.46±0.20±0.35 −0.59±0.08±0.19 −1.60±0.13±0.38 −1.14±0.05±0.23
0.8 ≤ |Y |< 1.6 −0.91±0.18±0.30 −0.66±0.08±0.15 −1.04±0.12±0.23 −0.84±0.04±0.15
1.6 ≤ |Y |< 2.4 −0.64±0.21±0.36 −0.80±0.09±0.28 −0.82±0.13±0.17 −0.70±0.04±0.20

with the best-fit Rt from (10); the slope of the linear de-
crease is about 20% smaller than the one measured with
three-dimensional YK fits, (8).
The standard analysis was also repeated for a sub-

sample of events classified as two-jets by the Durham
jet-finding algorithm [75]. The subsample was defined by

malization parameter of the fit (10) and each qt has been taken
as the central value of the corresponding 40MeV bin.

setting the resolution parameter at ycut = 0.04. The de-
pendences of the best-fit parameters on |Y | and kt are
similar to those found for the inclusive sample of events.
In particular, the longitudinal and the transverse radii
decrease with increasing kt. However, the radii meas-
ured in the case of two-jet events are smaller, by about
10%, than in the inclusive sample [3, 4]. An increase
of the “jettyness” of the two-jet subsample, obtained
using a smaller ycut (ycut = 0.02) in the jet-finding algo-
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Fig. 10. a,d,g The best-fit longitudinal radiusR2long of the Bertsch–Pratt parameterization (open dots) compared with the Yano–

Koonin longitudinal radius R2l (full dots). b,e,h The BP transverse correlation length R
2
tside (open dots) compared with the

YK transverse correlation length R2t (full dots). c,f ,i The difference of the BP transverse radii (R
2
tout −R

2
tside) (open dots) com-

pared with the YK time parameter R20 times β
2
t (full dots). Errors on the parameters include both statistical and systematic

uncertainties, added in quadrature

rithm, does not change significantly the behaviour of the
parameters.

5.4 Comparison between BP and YK fits

The following relations should hold between the correla-
tion lengths of the BP and YK functions measured in the
LCMS and CMS frames, respectively [39]:

R2tside =R
2
t , (12)

R2long = γ
2
LCMS

(
R2l +β

2
LCMSR

2
0

)
, (13)

(
R2tout −R

2
tside

)
= β2t γ

2
LCMS

(
R20+β

2
LCMSR

2
l

)
. (14)

In (13) and (14) βLCMS is the velocity of the source element
measured in the LCMS, i.e. with respect to the pair longi-
tudinal rest frame; γLCMS = 1/

√
1−β2LCMS. In (14) β

2
t =〈

2kt
E1+E2

〉2
, where the brackets stand for the average over

all pion pairs in the given |Y | and kt range. For a boost-
invariant source, βLCMS = 0 and (13) and (14) reduce to:

R2long =R
2
l , (15)

(
R2tout −R

2
tside

)
= β2tR

2
0 . (16)

In Fig. 10 the best-fit BP parameters R2long, R
2
tside
and

(R2tout −R
2
tside
) are compared with the YK parameters R2l ,

R2t and β
2
tR
2
0.

The longitudinal parameter R2long is systematically
larger than R2l in all the rapidity intervals analyzed
(Fig. 10a, d and g). According to (13), R2long > R

2
l cor-

responds to βLCMS greater than zero, in agreement with
a pion source whose expansion is not exactly boost-
invariant.
The equality of the transverse parameters R2tside and

R2t , (12), is confirmed within errors, with possible devia-
tions at low kt (Fig. 10b, e and h).
The negative values of R20 and (R

2
tout
−R2tside) appear-

ing in the two first rapidity intervals (Fig. 10c, f and i)
prevent an interpretation in terms of the time duration
of the particle emission process. Negative values of R20
have been suggested [71] as possible indicators for opacity
of the source, i.e. surface dominated emission. A depen-
dence of (R2tout −R

2
tside
) on kt similar to the one shown

in Fig. 10c and f has been reported in heavy-ion collision
experiments [33, 34].

6 Conclusions

An analysis of Bose–Einstein correlations in e+e− anni-
hilation events at the Z0 peak performed in bins of the
average 4-momentum of the pair,K, has been presented for
the first time. Based on this, dynamic features of the pion
emitting source were investigated. Previous BEC analyses,
not differential inK, were not sensitive to these features.
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Using the Yano–Koonin and the Bertsch–Pratt for-
malisms, the correlation functions were studied in in-
tervals of two components of K: the pion pair rapidity
|Y | and the mean transverse momentum kt. We found
that the transverse and longitudinal radii of the pion
sources decrease for increasing kt, indicating the pres-
ence of correlations between the particle production points
and their momenta. The Yano–Koonin rapidity scales ap-
proximately with the pair rapidity, in agreement with
a nearly boost-invariant expansion of the source of pi-
ons. Limitations in the available phase space did not al-
low measurement of the duration of the particle emission
process.
Similar results have been observed in more complex sys-

tems, such as the pion sources created in pp and heavy-ion
collisions, which are now complemented with such meas-
urements in the simpler hadronic system formed in e+e−

annihilations.
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